We study the establishment probabilities of locally adapted mutations using a multi-9 type branching process framework. We find a surprisingly simple and intuitive analytical 10 approximation for the establishment probabilities in a symmetric two-deme model under 11 the assumption of weak (positive) selection. This is the first analytical closed-form ap-12 proximation for arbitrary migration rate to appear in the literature. We find that the 13 establishment probability lies between the weak and the strong migration limits if we 14 condition the origin of the mutation to the deme where it is advantageous. This is not 15 the case when we condition the mutation to first occur in a deme where it is disadvanta-16 geous. In this case we find that an intermediate migration rate maximizes the probability 17 of establishment. We extend our results to the cases of multiple demes, two demes with 18 asymmetric rates of gene flow, and asymmetric carrying capacities. The latter case al-19 lows us to illustrate how density regulation can affect establishment probabilities. Finally 20 we use our results to investigate the role of gene flow on the rate of local adaptation 21 and identify cases in which intermediate amounts of gene flow facilitate the rate of local 22 adaptation as compared to two populations without gene flow. 23 1 Keywords: 24 local adaptation; branching process; establishment probabilities 25 Introduction 26 Studying the maintenance of genetic variation under migration-selection balance has a long 27 tradition in population genetics. While most theoretical research on the establishment and 28 maintenance of local adaptation and population divergence has focused on deterministic models 29 considerably less work has been done on the probability of establishment of locally adapted 32 mutations. Even in infinitely large populations, new beneficial mutations experience genetic 33 drift while they are rare, and hence can get lost from the population despite their selective 34 advantage. The probability that a new beneficial mutation evades extinction due to stochas-35 tic fluctuations has been called the invasion probability, establishment probability or fixation 36 probability, depending on the context. In the simplest case of a single panmictic popula-37 tion of infinite size, Haldane's classical result states that the establishment probability of a 38 mutation with time-and frequency-independent selection coefficient s is approximately 2s 39 [ Haldane, 1927]. Since then, Haldane's result has been generalized and extended to several 40 scenarios (see [Patwa and Wahl, 2008] for a review about fixation probabilities of beneficial 41 mutations).
copy migrates to the other deme with probability m/2 and remains in its current deme with probability (1 − m/2). Thus, m = 0 corresponds to two demes without gene flow and m = 1 is 141 a special case of the Levene model [Levene, 1953] where allele frequencies are equal in the two 142 patches due to complete mixing of the gene pool every generation. The case m = 1 can hence be 143 considered as a single panmictic population with effectively frequency-dependent selection over 144 the whole environment (see also [Ayala and Campbell, 1974] ). There are two possible outcomes 145 to the above described process: the mutant allele dies out or it becomes established permanently. 146 Note that establishment does not necessarily imply fixation in both demes in our model: alleles 147 may become permanently established in a balanced polymorphism if migration is sufficiently 148 weak relative to the strength of negative selection against locally disadvantageous alleles. The 149 exact conditions for a balanced polymorphism have been studied extensively in deterministic 150 models, see e.g. [Bulmer, 1972 , Nagylaki, 2009 , Gavrilets and Gibson, 2002 . We note that a 151 balanced polymorphism may get lost due to drift in finite populations [Yeaman and Otto, 2011] 152 and such a temporary polymorphism is considered as establishment here. We denote by p (i) 153 the probability of establishment of a mutation that initially appears in an individual in deme 154 i. 155 We model the evolution of the number of copies of a mutant allele that first appears in 156 a single individual using a branching processes with two types of individuals. The type i Material, equations S1-S6, for details). the expected number individuals of type 1 and 2, respectively, produced by an parent of type 177 1 will be (1 + s 1 )(1 − m/2) and (1 + s 1 )m/2, respectively (see table 1 ). We assumed here that 178 juveniles migrate before reproduction (and selection) but note that the order of reproduction 179 and migration in the life-cycle does not affect our results.
180
Since we approximate the binomial sampling as a Poisson distributed offspring, the estab-181 lishment probabilities are then given by the smallest positive solution of
Equations (2) (derivation of equations S24) we show that the establishment probabilities can be written as
and
are scaled measures of the heterogeneity in selection and the migration rate, respectively. We 191 note that σ, µ ∈ [0, 1]. Equations (4) and (5) show that the probability of establishment can 192 be written as a weighted sum of the strength of selection in the two demes. Figure 1 shows 193 establishment probabilities for various combinations of selection intensities.
194
The weak selection approximation requires that the establishment probability is small but pos-195 itive (that is, the branching process is slightly supercritical, see [Haccou et al., 2005] if selection is sufficiently weak in both demes (|s i | 1), our approximation holds for arbi-202 trarily strong migration. This is sensible because if both migration rate and the strength of 203 negative selection (s 2 ) are large, mutations will go extinct almost surely and the establishment 204 probability will be 0 (that is, the branching process is subcritical). Figure 2 shows comparison 205 between the analytical approximation and exact solutions of equations (2) and (3), obtained 206 by numerical iteration of the probability-generating function. We find that the approximation 207 shown in (4) and (5) is very accurate with respect to the solutions of equations (2) and (3).
208
The establishment probabilities are positive if m < s 1 s 2 s 1 +s 2 or if s 1 +s 2 > 0. Note that this con-209 dition is equivalent to the invasion conditions derived in deterministic models [Bulmer, 1972] .
210
Because σ is monotonically decreasing in m and µ is monotonically increasing in m it follows 
(2) Figure 2 : Comparison between exact solution of (2) and (3) and our approximation from equations (4) and (5). The exact solution is obtained numerically after 10'000 iterations of (2) and (3) (see equation (1)). (A) Probabilities of establishment for a scenario where s 1 + s 2 < 0. (B) Probabilities of establishment for a scenario where s 1 + s 2 > 0. The limit for very high migration is p (1) = p (2) = s 1 + s 2 (see main text).
immediately that p (1) is monotonically decreasing in m (see figure 1 ). For p (2) the dependence 212 in m is more complicated. If m = 0, it is clear that p (2) = 0 because s 2 < 0. Because p (2) > 0 if 213 m < s 1 s 2 s 1 +s 2 or s 1 +s 2 > 0, p (2) is always maximized for some positive migration rate if s 1 > 0 > s 2 (figure 1). Straightforward calculations yield that either the maximum of p (2) is attained at
is monotonically increasing in m.
216
Comparison with previous results
217
Equations (2) and (3) recover several previous results for establishment probabilities. In the 218 absence of migration, we have that σ = 1 and µ = 0 and we get p (i) = max[2s i , 0], in 219 agreement with Haldane's classical result for a single panmictic population [Haldane, 1927] .
220
In the limit of strong migration, we get p (1) = p (2) = max[s 1 + s 2 , 0] which means that 221 the establishment probability is determined by the average selection coefficient across demes 222 [Nagylaki, 1980] . In the limit of weak migration, we get p (1) = 2s 1 − m|s 2 | |s 1 −s 2 | and p (2) = ms 1 |s 1 −s 2 | .
223
[Gavrilets and Gibson, 2002] used a diffusion approximation to compute fixation probabilities 224 in a biallelic one-locus two-deme model similar to ours. The key difference between our and their 225 approach is that we calculate establishment rather than fixation probabilities, which makes it populations [Kimura, 1962] . Numerical comparison reveals a good fit between their results and 234 our equations (4) and (5) figure S2 ).
235
Asymmetric migration 236 We next assume that gene flow is asymmetric and let m ij denote the rate of migration from 237 deme i to deme j. This includes symmetric migration as a special case if we chose m ij = m/2, 238 for i = j. In the Supplemental Material (equations S24), we show that the establishment 239 probabilities are then given by (S25)). We can see 245 from equations (8) locally adapated mutations will be hampered as compared to symmetric migration.
250
Island model with multiple demes 251 We can extend our results to an island model with multiple demes and two selective habitats.
252
Let s 1 and s 2 denote the selection coefficients of the mutation in habitat 1 and 2, respec-253 tively. We assume that migration occurs at rate m between all demes (i.e., the island model 254 [Wright, 1931] ). This model can readily be reduced to a two-deme model with asymmetric 255 migration rates [Whitlock and Gomulkiewicz, 2005] . We assume that all demes are of the 256 same size and that selective habitats 1 and 2 contain k 1 and k 2 = n − k 1 demes, respectively.
257
The migration rates between the two selective habitats are then given by m 12 = mk 2 /n and 258 m 21 = m(n − k 2 )/n and the establishment probabilities are given by eqs. is beneficial (habitat 1) than where the mutation is detrimental (habitat 2), we have more 261 individuals migrating from habitat 2 to habitat 1 and hence ∆µ < 0. As a consequence the 262 contribution of selection in deme 1 is amplified and establishment probabilities are generally 263 larger as compared to the case with two equally large habitats (see eqs. (8) and (9), see also 264 figure 3). So far we ignored the effects of density regulation because we assumed infinitely large pop-267 ulations. We next modify the offspring distribution in our branching process to account for 268 the effects of deme-independent density regulation (soft selection, sensu [Wallace, 1975] ) in a 269 model with symmetric migration. Let κ 1 and κ 2 denote the carrying capacities of deme 1 and 270 2, respectively. The larger deme then acts as a source, that is, it sends out more migrants than 271 it receives. Here we assume that density regulation acts after migration and brings each deme 272 back to its carrying capacity instantaneously. Initially both demes are at carrying capacity.
273
The number of individuals in deme i after migration but before density regulation are denoted 274 N i and are given by
Density regulation will then change the number of individuals in each deme by a factor
We can integrate this effect of density regulation in our branching process framework by mod-277 ifying the absolute fitness of individuals in deme i to w i = (1 + s i )δ i (see equation (S32)).
278
The establishment probabilities for this case are explicitly calculated in the Supplemental Ma-279 terial (see equations (S33)).
280
If κ 1 < κ 2 , deme 1 receives more migrants than it sends out and density regulation will cull the 281 population size back to carrying capacity. Thus, in a certain sense deme 1 is behaving like a 282 shrinking population, which should reduce the establishment probability of mutations that are In single, panmictic populations, the branching process assumption requires that the popula-290 tion is sufficiently large relative to the strength of (positive) selection [Patwa and Wahl, 2008] .
291
While the applicability of multi-type branching processes to study establishment probabilities 292 has been established in previous studies [Haccou et al., 2005] , the exact conditions under which 293 the branching process approximation is expected to be accurate in structured populations of 294 finite size remain unclear and are difficult to derive (especially in the absence of solutions for 295 models with finite population size for comparison). To asses the quality of our approximation 296 in finite populations we therefore resort to comparison with simulations for small populations 297 N s 1 > 1. Results from simulations show a good fit with analytical results (see figure 5 ) for the 299 case of symmetric demes, asymmetric migration or asymmetric carrying capacities. Simulations 300 were performed assuming logistic density regulation [Beverton and Holt, 1957] , and inserting 301 one mutant in either deme 1 or 2 and letting the system evolve for 20000 generations. 50000 302 replications are done for each simulated scenario. Our approximation tends to overestimate 303 p (1) and underestimate p (2) . This is expected, since the same behavior can be seen when we 304 compare the approximation to the exact solution (see figure 2) .
305
Global rate of establishment of locally adapted alleles 306 It is commonly assumed that gene flow hampers or even prevents local adaptation [Lenormand, 2002] .
307
Here we use our results to quantify the effect of migration on the overall establishment proba-308 bility, defined as
where c and 1 − c denote the relative sizes of deme 1 and deme 2, respectively.
310
We next take the derivative of P with respect to m at m = 0. If this derivative is positive, 311 the rate of adaptation increases when we introduce some gene flow as compared to the case 312 without gene flow between demes. In other words, we derived the condition under which 313 the unconditional establishment probability of locally adapted mutations increases when we 314 introduce small amounts of migration. We find that this is the case in all our models if
where N 1 and N 2 are the number of individuals in deme 1 and 2 respectively. Hence, in the 316 symmetric model where the probability of establishment is given by (4) and (5), we find that 317 gene flow increases the chances of establishment when |s1| > |s2|. Therefore, if the selective 318 advantage in one deme is larger than the selective disadvantage in the other deme, some gene 319 flow can facilitate the establishment of local adaptation as compared to completely isolated 320 demes. This can also be seen directly via the weak migration approximation p Figure 5 : Comparison of simulations and analytical approximations. Model with symmetric migration and symmetric demes with s 1 = 0.02, and s 2 = −0.03 (A), and s 1 = 0.02, and s 2 = −0.01 (B). Island model with two demes of type 1 (d 1 = 2, s 1 = 0.02) and three demes of type 2 (d 2 = 3, s 2 = −0.03) (C), and with three demes of type 1 (d 1 = 3, s 1 = 0.02) and two demes of type 2 (d 2 = 2, s 2 = −0.03) (D). Model with different carrying capacities, with carrying capacities κ 1 = 300 and κ 2 = 400 (E), and κ 1 = 400 and κ 2 = 300 (F). The analytic formula for p (i) dens , shown in images (E) and (F), is described in the Supplementary Information (equations S33). m 21 |s1| > m 12 |s2|.
(14)
Using the definitions of m 12 and m 21 derived for an multi-deme island model, equations (13) 324 and (14) are identical.
325
Discussion 326 We used multi-type branching processes to study the establishment of locally beneficial muta-327 tions in a spatially heterogeneous environment with two selective habitats. Our main result is a 328 simple and analytical closed-form approximation for the probability of establishment of a locally 329 beneficial mutation in a two-deme model with divergent selection and symmetric migration be-330 tween demes (equations (4) and (5)). By establishment we mean that a mutation permanently 331 establishes in the meta-population, either by going to fixation or by maintenance as a balanced 332 polymorphism. To our knowledge this is the first closed-form analytical approximation for an 333 establishment probability in this context that is valid for arbitrary migration rates (but see 334 [Yeaman and Otto, 2011] for a heuristic approach). The resulting formula is intriguingly sim-335 ple and intuitive: the probability of establishment is simply a weighted average over selection 336 coefficients in the two demes, where the weights are determined by the relative contributions of 337 migration and spatial variation in selection. We extended our main result to asymmetric mi-338 gration between two demes, a multi-deme island model with two selective habitats, and studied 339 the impact of variation in carrying capacities and density regulation on the establishment of 340 locally adapted mutations. We show that establishment probabilities can fall outside the range 341 spanned by the weak or strong migration limits, and provide conditions for when this is the case.
342
In particular, we identify conditions under which small amounts of migration can facilitate the 343 build-up of adaptive divergence as compared to two demes without gene flow. Examination of 344 the weak selection approximation provides an intuitive explanation for this phenomenon. On 345 the one hand, migration removes mutations from the deme where they adapted to and hence 346 decreases the establishment probability in deme 1 from 2s 1 to 2s 1 − m|s 2 | |s 1 −s 2 | . On the other hand, 347 gene flow allows mutations occurring in the wrong habitat, which are doomed to extinction in 348 the absence of gene flow, to eventually reach the right habitat and then spread there. Thus, 349 gene flow increases the establishment probability from 0 to ms 1 |s 1 −s 2 | for mutations occurring in a 350 deme in which they are maladaptive. Taken together the net effect of migration will therefore 351 be positive if positive selection in one deme is sufficiently strong relative to negative selection 352 in the other deme. For instance, if the two demes are of equal size, this is the case if |s 1 | > |s 2 |.
353
Our derivation assumes an (infinitely) large population, that selection for the beneficial muta-354 tion is sufficiently weak, and that either migration or negative selection is not too large. With ultimate fate of a mutation will be determined while it is rare so that we can ignore the fitness 367 of homozygotes.
368
We have been discussing single mutations in isolation and neglected genetic events that may 369 interfere with the establishment process (e.g., clonal interference [Gerrish and Lenski, 1998] ).
370
Our results should therefore hold in sexually reproducing species with strong recombination.
371
Our approximation is less plausible in organisms that reproduce with little or no recombina-372 tion, such as most microbes, or for mutations in genomic regions with low recombination rates.
373
Competition between simultaneously spreading beneficial mutations (clonal interference) can 374 have severe impacts on each other's establishment [Gerrish and Lenski, 1998, Orr, 2000] . This 375 effect is difficult to account for [Wilke, 2004] and is most important in populations with little 376 or no recombination, because recombination can break associations between mutations that 377 occur in different parts of a genome [Muller, 1932, Hill and Robertson, 1966] . A second effect 378 that we did not account for is the genomic background on which the mutation falls via ad-379 ditive or epistatic interactions between mutations. This can be sidestepped by interpreting similar to the one in [Bell and Gonzalez, 2011] , where gene flow was mimicked via pipetting in experimental yeast metapopulations. Interestingly, in their experiment, [Bell and Gonzalez, 2011] 411 found that gene flow can facilitate the chance for evolutionary rescue in a gradually deterioration 412 spatially extended population relative to the case of no gene flow, which could be explained 413 by our theoretical predictions (see also [Uecker et al., 2013] ). Another promising system to 414 test our predictions experimentally would be the ciliate model organism Tetrahymena, where 415 metapopulations can be created as microcosms of connected vials and selection intensities could 416 be controlled with antibiotic concentrations [Altermatt et al., 2015] . Empirical evidence for our 417 predictions will be somewhat harder to obtain, as crucial factors such as the fitness effects of 418 mutations as well as the amount of gene flow are hard to measure.
419
We have presented here a mathematically rigorous approximation of establishment probabil-420 ities in a spatial framework using the theory of multi-type branching processes. It would be very 421 interesting to generalize our approach to more than two different types of individuals. While 422 the theoretical foundation is laid out, finding actual solutions for establishment probabilities 423 in higher-dimensional system poses algebraic challenges that might be difficult to overcome.
424
Nevertheless, the simple and intuitive form of our solution suggests that this approach can be 425 exploited further and that our results can be generalized and extend to various scenarios that 426 include more than two types of individuals.
427
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